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SUMHASY 



Tliis paper ia th.e second part of a series of reports 
on the invrard "buXge type "buckling of jnonocoque cylinAers, ■ 
It presents the results of an es:perim'ental investigation 
of "buckling in ooin"bin6d "bending and compression. In the 
investigation it was found that the theory developed in 
part I of the present series predicts the "buckling load 
in coia'biaed "bending: and compression vith the same degree 
of accuracy as the o-lder theory does in pure "bending. In 
the realm covered "by the experiments no systematic varia- 
tion of the parameter n was 9"bserved, The analysis of 
the tesi results afforded a check on the theories of "buck- 
ling of a curved panel, The agreement "between experiment 
and theory was reasona"bly good. In addition, the effect 
of the end conditions upon the stress dlstri"butioa under 
loads and upon initial atresses vras inTeetlgated, 



IKTRODtTOSIOU 



Large monococtue . fuselages reinforced with closely 
spaced stringers and rings are likely to "buckle, when 
loaded, in a pat.tern which involves simultaneous distor- 
tions of the stringers, the rittgs, and the sheet covering, 
This type .of "buckling is known as general instatJility , 
The details of the pattern vary with the loading. When 
the maximum stress in the fuselage is caused mainly "by a 
"bending moment, which may t>e accompanied "by a small shear 
force, compressive force, or torque, the characteristic 
feature of the distorted shape is an inward Tsulge extending 
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symmetrically from the most highly compressed stringer. 
In some cases there is a single inward "bulge; in others 
eereral appear along the most highly compressed stringer, 
and these may occur when the hending moment is constant 
over a uniform portion of eonsideral^le length of a mono- 
coque cylinder. Often a few shallower secondary "bulges 
appear a^-ongsid© the main "bulges, or the main "bulge is 
displaced slightly "because of inacc.uracies of manufacture 
and load application, "but in every case eo far o"bserved 
all these distortions were restricted to the general 
neigh"borhood of the most highly compressed stringer. 
Shis type of general insta"bility is denoted as inward 
"bulge type huokling, 

Ihe purpose of the esperiiaental investigation pre- 
sented here was the verification Of the theory of inward 
"bulge type "buolcling in oom'bined "bending and compression 
aa developed in reference If Eeinforoed monoooqu© cyl- 
inders of 20-ineh diameter and 33.5~inoh length four 
Cylinders in the preliminary and nine in the final test 
series -» were tested in the Aircraft Structures La"boratory 
of the Polytechnic Institute of 'Brooklyn, Jor their con- 
tri"bution to the development of the manufacturing and 
testing techniq.ue credit ijs due tO Al"bert J. Oulfen and 
Joseph Kenpner, Similarly, the contri"bution of Bruno A, 
3oley in participating in the final tests and the evalua- 
tion of the test results must he acknowledged. 

In the third section of this report the test speci- 
men and the test rig are 4esori"b©d, In the fourth sec- 
tion the test results are analyzed. Tor the calculation 
of the theoretical "buckling stress corresponding to the 
inward "bulge pattern the effective width of the curved 
panels of sheet must "be knovm. The determination of the 
effective! x*idth in turn presupposes the knowledge of the 
"buckling stress of the curved panels* lloreover, devia- 
tions from the theoretical stress distri'bution influence 
the magnitude of the load under which the inward "bulge 
develops . and it was e8ta"blished in the experiments that 
at least the location of. the "bulge is influenced "by the 
initial stresses in the test specimen* 

Because of these complex interrelations it was nec- 
essary to analyze the, various items separately and' to 
proceed systematically from the discussion of the line- 
arity of the strain distribution in "bending through the 
analyses of the uniformity of strain in compression, the 
initial stress, the "buckling of the sheet covering, tli© 
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eq^u'iliTsritin of forces and moments, and the strain-'bending 
aoraent ctirves of the stringers to the discussion of the 
critical stress in inward Tjulge type "buckling proper, 

She fifth section contains the principal conclusions 
dravn from the analysis. 

This investigation, conductflid at the Polytechnic 
Institute of Sroolclyn, was sponsored Tsy^ and conducted 
with financial assistance from, the ITational Advisory 
Coamittde for Aeronautics* 



5Y130LS 

^atr croes^eectional area of stringer plus effective 

width 

d. stringer spacing measured along circunf erence 

S Young's modulus 

f^ cr "buckling Btrees of curved panel 

■^curved "bi^ckling stress of circular cylinder 

^flat "buckling stress of flat panel 

r^.. yield-point stress 

cy 

noraent of inertia of ring plus effective width 

moment of inertia of stringer defined in equa- 
tion (7) 

■^str r moment of inertia of stringer plus effective 

width for "bending in radial direction 

^str t nionient of inertia of stringer plus effective 
width for "bending in tangential direction 

k constant in formula for "buckling stress of flat 

panel 

I»i ring spacing 

a numljer of rings involved in "bucl^iing 
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parameter characteristic of wave length in cir- 
cumferential direction 



p 


axial force in cylinder 


r 


radius of cylinder 




t 


thickness of sheet 




2w 


effective width 


of 


flat panel 


2w» 


effective width 


of 


curved panel 


ficr 


critical strain 


in 


general instability 


^curved 


Tsuiskling strain 


of 


circular cylinder 


£flat 


■buckling strain 


of 


flat panel 


^aax 


o"bserved strain 
stringer 


in 


most highly compressed 



Eg^j. strain in stringer 

|x Poisson's ratio 

v compressive load divided hy perimeter 
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The test specinen is shovm in figure 1# It con- 
sisted of a circular sheet metal cylinder of 30-inch out- 
side diameter and 33 's-inch over— all length reinforced 
with 5 eq[uidistant rings of 3/8- hy l/8-inoh rectangular 
section and with 16 eq_uidistant longitudinals of 3/8-inch 
souare section. In order to simplify manufacture stringers 
vrere attached internally and rings externally to the cyl- 
indrical sheet, Eings and stringers were connected hy 
l/S-inch round head machine screws. Machine screws of 
the same size, spaced 0,*714 inch apart, secured the sheet 
to the stringers, 

. Hing hutt splices were arranged alternately to the 
right and the left of .the top stringer. Segments of the 
ring stock were used as "butt straps extending as far as 
the ad;}aoent stringers and Tjolted to them. Two acre 
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"bolts 'between the stringers fastened, the strap to the ring 
and the sheet, Elngs vere made of Zi^-'T aluminum alloy. 
Stringers were of 17S--T aluminum alloy except in cylinder 
17q, 13, where they were of aluminum alloy. 

Cylinders ITos, 9, 10, and 11 were manufactured of 
four sheets each which were attached to one another Tjy 
lap joints alCng top, bottom, and extreme right and left 
Stringers* In these cylinders the sheets had a n-ominal 
thickness of 0.013 inch. Actually this thickness ranged 
from 0,0119 to 0,0122 inch. The material was 24S~5 
alclad* All the other cylinders were constructed of two 
sheets each with lap joints along the extreme right and 
left B'tringers, The nominal thickness of the sheets for 
these cylinders was 0,020 inch, while the actual values 
varied from 0,0199 to 0,0203 inch, She material was 
24S«S aluminum alloy,' 

The teat rig is shown schematically in figure 2. 
Ihe Tsase of the rig consisted of two pairs of 8*inoh chan- 
nels SO inches apart. The end stand, Isuilt of channel 
sections, was hraced to the hase "by ties and struts, The 
loading arm was a tripod. It rested on three "ball 'bear- 
ings which were free to roll on the supporting taTile* 

She external load was applied "by a scre^^r jack which 
exerted a downward force on the "bottom of a rectangular 
frame suspended from the apex of the tripod loading arm, 
tChe reaction to the force was taken up "by a second rec- 
tangular frame pinned to the 'base of the rig« 

A heavy machined steel ring was fitted to each end 
of the cylinder, King Ho, 1 was 'bolted to the end stand, 
ring "So, 2 to the loading head, v/hich like the end stand 
was a grid composed of steel channels and angles. She 
considerable weight of the loading head was balanced by 
means of a counterweight suspended from ah overhead frame 
"by a steel cable guided over sheaves, Swo parallel links 
connected the loading arm to the loading head and trans- 
mitted to the test specimen the couple caused hy the ap- 
plied load, S'ront and rear views of the test arrangement 
are presented in figures 3 and 4, 

The test specimen was connected to the end rings Tjy 
means of the stringer grip fittings shown in figure 5, 
Each fitting was attached to the ring 'by two l/2-inch 
steel "bolts. The surface of contact "between stringer and 
fitting was serrated, and the pressure exerted "by the 
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^olts was found sufficleat to maintain an adeq,uate grip* 

the compressire force required for the tests in sim- 
ple compression and in comlJined "bending and compression 
Vas applied "by means of the compression load "bar Indicated 
in figure 2 and shown in the photograph of figure 6, The 
T)ar was machined of ohromium-molyTjdenum steel. At one 
end it was attached to the loading head, at the other, to 
the end stand* The latter attachment was effected "oy 
means of a buttress thread and nut» By tightening the 
nut v/ith a large yatchet lever the req.uired compressive 
force v/aa applied to the test cylinder. 

She compressive force in the test cylinder was eq_ual 
to the tensile force in the load bar, The latter v;as 
measured hy two Baldwin-Southwark Sa,-4 metalectric strain 
gages type A-1, cemented to plane surfaces machined at 
the middle of the load "bar. The load applied to the 
loading arm was measured "by the same type of strain, gages 
attached to a load link inserted between the loading arm 
and the rectangular frame. In all strain measurements 
the pairs of gages, were connected in series in order to 
obtain average-direct strain values, 

The p-airs of gages used for measuring strain in the 
test cylinders were cemented to the stringers* They were 
arranged in two sections of the cylinder denoted in fig- 
ure 2 as Band A and Band Bj respectively. At each sec- 
tion the strain was measured in every other stringer. 

Two Baldwin-Southwark SH-4 control boxes v;ere used 
to obtain simultaneous readings of bending moment and 
compressive force. Svritching was effected by means of a 
tapered brass plug and matching brass socketSf, All wir- 
ing was done with rubber insulated single conductor 23*0, 
18 wire* Separate dummy gages were provided for the load 
link* the compression load bari and the stringers. 

The compression load bar and the load link were cal- 
ibrated in a B.iehle Bros, lever type testing machine* 



ANALXStS AlfJ) ©ISUUSSI.OIT OT TSST RESULTS 
Presentation of Test ^Results 

The results of the tests are presented in the diar 
grams of figures 7 to 63^ The diagrams raay be subdivided 
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into four laaln groups, the first, figures 7 to 28, 

the aeasured direct strain is plotted against distance 
froBi the horizontal center line of the cylinder. In the 
second group, figures 29 to 34, the direct strain caused 
hy the compression alone is indicated in polar coordinates, 
la the third, figures 55 to 45, the initial strains iti the 
cylinders are given in sinilar polar form, with the excep- 
tion of the laet diagram, figure 45 in this group, which 
presents the variatton of the initial strain in the axial 
direction. Ihe fourth group, figures 46 to 6S, shows the 
variation of the stringer strain vlth increasing bending 
siomentv 



Linearity of the Stress Oistrihution in Bending 

In the course of the first pure "bending tests of the 
present investigation it was noticed that the direct 
strain measured deviated greatly from. the straight-^line 
law usually assumed to prevail in structures subjected to 
bending. In ordey to obtain a better agreement vflth the 
assumptions of theory* the loading head wae systematic 
cally reinforced and the effect of these reinforcements 
on the st2?ain distribution was observed, IPhe improvement 
attained may be fudged on the basis of a comparison of 
figures 24 to 25 and 7 to 8, representing the strain dis- 
tribution in cylinders Nos. 2 and 5, respectively. In 
cylinder Ho, 2, although the greater part of the rein- 
forcements already had been added, the deviations from 
linearity are seen to be still excessive.^ By contrast, 
cylinder Ho, 5, which was the first of the final test 
series^ yields a close agreement with the theoretical as- 
sumptions in the A band and a satisfactory agreement in 
the B band. The strain lines corresponding to high bend- 
ing moments are slightly concave on the compression side 
of the B band, 

A review of all the strain diagrams reveals that as 
a rule the strain curves are straight up to about one- 
half the failing load. In the later stages of loading, 
when buckling of the sheet becomes pronounced, deviations 
from linearity appear, especially on the compression side 
of the cylinder. In most cases these deviations make the 
compression side of the strain curves convex when the 
bending moment is accompanied by a high compressive force, 
and concave when bending moments are applied alone. ffor 
each cylinder tested in combined bending and compression, 
a control test in pure bendlag was run before the jnatn 
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test W0.S aade^ She results of the eontrol test a.re sliowa 
1}y a dotted lin.^ vrhlch In 2x0 case deviates appreeiatly 
from a straight line* 

in order to llXustrate mor« clearly the deviations 
from linearity, figures 26 to 33 are included^ (Dhese 
figures show experimental strain curves for typical cases 
of cofflljined "bending and oompreseion at various stages of 
loading superimposed upon the theoretical straight lines 
constructed for the corresponding loads. 

The development of a linear strain distriTjuti on may 
he interpreted hy the principle of least work, A linear 
distri'oution corresponds indeed to the least strain energy 
in a cylinder suh^eoted to pure hending if Hooke's law 
applies and if the ends of the cylinder are attached to 
perfectly rigid "bodies* In many experimental setups it 
may "be inconvenient to provide very rigid and thus heavy 
and cumhersome structural arrangements for transmitting 
the applied forces to the ends of the cylinders. !3?he 
least vrork principle then req.uires that the total strain 
energy stored in "both the cylinder and the attaching 
structural mea'bers he a minimum, 5h© resulting strain 
distribution may deviate oonsidera'bly from linearity in . 
such cases, Horeover> the relative rigidity of test 
specimen and attaching structural elements changes with 
the type and the magnitude of the loading, Oonseauently , 
Ideal straight-line strain curves are not likely to 00- 
tained in experiments carried out with a single test rig 
under various conditions of loading, unless very heavy 
attaching structural elements are used* 

qjhe deviations from the straight-line law obtained 
in the present experiments were considered permissihle in 
view of the results of the calculations presented under 
She Sffeot of Nonlinear Direct Stress Distribution in 
reference l» However^ the conclusion is drawn from the 
foregoing investigations that a careful survey of the 
strain distribution In & monoco<iue structure subjected to 
bending is a necessary preliminary to the use of a new 
test rig or of a new type of test specimen. 

It is noted that the compressive forces listed in the 
diagrams for tests of bending- combined with compression 
are nominal values, ffhe exact values at the various 
stages of loading are listed in table X, 
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Uniformity of -^fee Strain 33istriT5ution in Oompression 

After the first successful tests in pure bending 
were accompli shed ^ the testing of the cylinders in com- 
"biited "bending and compression was undertaken, (Priai eom- 
pressire tests applied to cylinder ITo. 6 resulted in 
great deviations from a uniform strain di b trihutlon* 
This aay he seen from figure 34, HJhe magnitude of the 
d*riatt,ons was unexpected since the satisfactory strain 
curves ol)iained in "bending had "been interpreted as a 
proof- of an adeq.uate rigidity of the loading rig for all 
types of loading. The fallacy of this conclusion "became 
apparent when the incorporation in the test rig of addi- 
tional differently arranged stiffening elements and a 
systematic application of shims, resulted in strain curres 
sufficiently uniform for practical purposes. Apparently 
the strain energy "balance discussed in the preceding ar-* 
tide changes materially from one loading condition to 
the other, 

ks a preliminary of the ooa"bined "bending and compres- 
sion tests a simple compression check test v;as run with 
each of the su'bsequant cylinders except STo, IS* Ihe re- 
sults of the check runs are shown in figures 29 to 33, 
and the maximum deviations from the uniformity of the 
strain are listed in ta"ble II» The maximum deviation 
from the average strain was 8,17 percent for the four 
cylinders having the thick sheet, 15<31 percent for the 
t\TO haring the thin sheet* 



Initial Strains 

In the simple "bending and the com'bined "bending and 
'compression tests it was o'bserved that "buckling of the 
sheet covering almost invarialJly started near stringer 
ITo, 7, although theoretically the maximum compressive 
strain should have occurred at stringer ITo. 9. She pos- 
slhility that this phenomenon had "been caused "by initial 
stresses was investigated in a series of systematic ex- 
periments, The results Obtained in the experiments car- 
ried out on cylinder STo. 13 are presented in figures 40 
to 44. 

3*irst the strain gages W0re cemented to the stringers 
"before any of the "bolts which served for attaching test 
specimen, end rings t and test rig were tightened. With 
the cylinder resting on the floor, strain gage readings 



^ACA No« 939 



10 



w«re made to serve as zero readings^ Next the Tsolts in. 
the stringer grip fittings of end ring liTo, 1 were tight~ 
oned and a new set of strain readings was t&ken. Zhfr 
strains calculated from these readings are shown in. fig- 
ure 40, 2hey are predominately tensile, the naximum val- 
ue Tjeing 2,25 X 10"*** In the following steps the cylin- 
der was fastened to the end stand, the stringer grip fit^ 
tings tightened at the other end of the cylinder, and 
finally the loading head was "bolted to end ring ITo, 2. 
After each of these steps the strains were measured and 
recorded, tthey are shown in figures 41 to 43, Ihe dia- 
,5rams reveal the characteristic features and the relative 
importance of the strains caused "by ea^h operation, fig- 
ure 44 presents the. total initial strain in cylinder ITo, 
IS. . 

Tigures 35 to 39 show the strains caused in cylinder 
Ko, 10 hy a similar sequence of operations in which, how- 
ever, the order of the first two steps was reversed. Be- 
cause of this change, and possiTjly "because of the differ- 
ence in the thickness of the sheet, the effect of the in-- 
dividual operations differed from that o'bserved in the 
experiments carried out with cylinder iTo, 13, ITeverthe- 
less, the curves representing the total initial strains 
in the two cylinders show marked reseaTJlanae. She same 
is true of the total initial strain curves of cylinders - 
Sfosk 8 and 9, which are not reproduced in this report, 

She total initial strain distribution corresponds 
hasically *o a vrarping group with a vanishing resultant 
force and a vanishing moment aTJout any axis. The strains 
caused "by an operation undertaken at one end ring de- 
crease rapidly in the direction of the other end ring, 
as may "be seen from figure 45, ithis is in agreement with 
Saint Tenant's principle, ■ It should T>e noted, however, 
that the distance at v/hich the effect of a distur"bance 
"becomes negligihly small is likely to "be equal to two or 
three times the diameter of the cylinder.. 

In the initial strain measurements undertaken, the 
greatest tensile strains occurred generally at stringers 
llos, 1 and 9, and comparativel3»- large compressive strains 
at stringers Hos, 7 and 13, The maximum total initial 
stress was of the order of 3 000 pounds per square inch, 
Moreover, the curves of diStriTiution of strain in com- 
pression (figs, 29 to 33) also indicate some excess over 
the average of compressive strain. These findings &oa- 
pletoly e^i^Xain v/iiy the first huckles in the sheet 
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appeared near stringer ITo. 7 rather than near stringer ITo, 
9» On this tasis the development of the inward "bulge 
along stringer No, 7 near end ring ITo, 1 in dome of the 
tests also can he understood. It does not appear likely, 
however, that the initial stress oould have appr eoiahly 
influenced the magnitude of the critical stress in invrard 
ljulge type "buckling. This opinion is hased on the fact 
that there was no systematic variation in the buckling 
stress to correspond with changes in th^ location of the 
inward hulge. It appears advisahle, hovrever, to pay more 
attention in the future to ihitial stresses in experimental 
investigations on semimonoooque cylinders than was usual 
in the past, 

mhe Suckling of thd Sheet Covering 

Ihe determination of the effective width of sheet, 
needed in the comparison of experiment with the theory of 
general instahility , depends on a correct estimate of the 
strain (or of the stress) at which the sheet covering 
"buckles. In the calculation of the critical stress 
^c cr °^ curved panels of sheet Sedshaw^e formula 

was used J 



c or 



= (fflat/2) curved ^^flat/^)^ CD 



In this eq.uation ^fiat stands for the critical stress 

of the corresponding flat sheet. Its value is given "by 
the formula 

^■flat 



fflat = ^ <t/^>^ (2) 

12(1 -p.'') 



where t is the thickness of the sheet, d the width of 
the panel measured along the perimeter of the cylinder, 
3 Young's modulus, and [x Poisson's ratio. The value 
of k depends upon the length-t o-v/idth ratio of the 
panel and upon the edge conditions. In the test speci- 
mens the length-t o-vridth ratio was high "because of the 
absence of intermediate attachment between rings and 
sheet. If the difference in the elastic restraint ex~ . 
erted "by the stringers upon the thick and the thin sheet 
is taken into account, it appears reasonable to choose 
k s 4 for the thick and k » 5 for the thin sheet. 
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Equation (s) then gives 887 and 445 pounds per- souare inch 
for the critical stress of the thick- ajxd the thitt-walled 
specimens, respectively* 

The Tjuckling stress of the circular cylindrical sheet 
was denoted ^curved equation (l). It can "best Tie 

calculated from Donnell's formula: 

^curved '^^ ^Vr; ^ ^ ^^^^^ ^^^^^^^ 

where r is the radius of the cylinder and ffgy the 

compressive yield-point stress of the material, Bauation 
(3) gives ^curved * 5890 pounds per sc^uare inch for speci- 
mens having the thick sheet, and ^'curved ~ 3250 pounds 
per square inch for those having the thin sheet, Por the 
critical stress of the curved panels equation (l) then 
gives! 

fc cr - 6U'00 pounds per square inch (for the 0.020-in.-thick sheet) » and 
^o cr «* pounds per square inch (for the 0,0l2-in,-thick sheet)* 

In the course of the experiments these theoretical 
values were cheeked in four ways, i'irst^ the appearance 
of the first "buckle was visually observed and the strain 
at its location was determined from the strain-gage read- 
ings. Secondly, use was made of the strain against "bend- 
ing moment curves drawn for stringer ITo, 9, Ihe curves 
are straight until the sheet hegins to huokle. Oonse- 
quentlyt the first deviations: from the initial slope mark 
the bending monent at which the sheet buckles, X third 
indication of the critical strain' of the sheet covering 
was found in plots of the observed shift of the neutral 
axis in bending, since there cannot be any shift until the 
sheet buckles, I'inally, the slope of the strain curves 
of figures 7 to 28 was determined at the neutral axis and 
plotted against the bending moment* The slope of these 
curves also changes when the sheet begins to buckle. 

The data obtained by the methods ;Just outlined are 
collected in table III, Correction of the data for inir." 
tial strain v^as not considered warranted for the purposes 
Of t>ie present investigation. In spite of the considerable 
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scatter of the values one concltisxon, at least, is inevi- 
ta'ole; the sheet Tsuckled at mxch. higher strains when the 
specimen was acted upoa by a bending moiaent than in the 
case vrhen the load was pure compression. Ihig phenoiaenoTi 
had heen noted "by Lundquist in referenoe 2^ "but is disre'- 
garded as a rule in the stress calculation of seaiEono- 
coGues. It vrould "be desirahie to develop methods of anal- 
ysis that take this effect into accoimt. With no such 
method yet availa^ble, however, a constant value of the 
buckling strain all along the circumference of the cylin- 
der v:as assxxEied for the stibsequent calculations. From the 
coHparison of theory and experiaent the following round 
jiunbers were chosen for us© in later analysis! 



■flat 



= 1 X 10~* (for the 0, 030-in. -thick sheet) 



^flat = "^-5 ^ If 



-4 



(for the 0, Ol5-in. -thick sheet) 



^curved - ^ X 10~ (for the 0» 020-in^-thick sheet) 



(4) 



= 3 X 10"'* (for the 0, 0l3-in, -thick sheet) 



■curved 



Force and Moiaer-t Equilibrium 

In order to obtain an independent check of the ac- 
curacy of the load and strain measurement, as well as of 
the methods used in the analysis, the applied forces and 
moments were compared v/ith the force and aoaent resultants 
of the measured internal direct stresses* In this com- 
parison Hookers lav v;as assused valid, and the modulus of 
elasticity was taken as 10,5 X 10^ pounds per square inch 
for both sheet and stringers over the v/hole range of 
strains measured, Por the stringers in which the strain 
had not been neasured it was determined by interpolation. 
She effective width 2w' of the curved panels v;as taken 
as the total width wherever the panel was in a nonbuckled 
state. In the bxickled state it was calculated from the 
follov/ing formulas! 



2vr» = 3w + (€g^^^3^/€3t^)Cd - 2w) 
= C^flat/^^str - ?curved^3'^^^ 



(5) 



vjhere ^g^r strain in the stringer. Shese equa- 

tions are quoted from reference S, She values given in 
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in equations (4) were used for the 'buckling strains. 

Calculated values of forces and moments are listed 
in taTsle lY for a nust-er of loading conditions and for 
various test cylinders. The agreement is good "between 
the external and the internal moment, especially under 
small and moderate loads, Jor the higher stages of load- 
ing the internal moment slightly exceeds the external mo- 
ment. The agreement "betv/een the internal and the exter- 
nal compressive force is also good in the low load range, 
"but the values deviate considerably for the higher stages 
of loading. The discrepancies can he explained "by the 
reduction in the value of the modulus of elasticity of 
the material. 

It was shown in reference 4 that the tangent modulus 
of 245-2 extruded sections "begins to decrease at stresses 
hetv/een 23,000 and 30,000 pounds per square inch in com- 
pression, while its value remains constant up to a range 
from 38,000 to 47,000 pounds per square inch in tension. 
The value of the tangent modulus of alclad 24S~T experi- 
ences a drop even at a stress of 10,000 povxnds per square 
inch. Evaluation of the pure compression tests made v/ith 
the monocoque test cylinders dtiring the present investi- 
gations at the Polytechnic Institute of Brooklyn also 
shov/ed a decrease in the' apparent modulus v;ith increasing 
load, as may "be seen from the data included in tab-le 7, 

Since exact values of the variation of the modulus 
with stress were not ax'-ailahle for the sheet and the sec- 
tions used in the experiments, the force and moment ea_ui- 
lihrium could not he determined accurately. In one case, 
hovrever, the calculations were repeated with the assump- 
tion of S = 10.5 X 10^ pounds per square inch for ten- 
sion and for compression "below 1 0, 000-p ounds-per-squar e- 
inch stress, and of E = S.5 X 10® pounds per square inch 
for compression ahove 10, 000-pounds-per-square-inch stress. 
This slight change sufficed to reduce the original dis- 
crepancy of 45,6 percent in the compressive force to 12,2 
percent. The corresponding change in the value of the mo- 
ment was unimportant. (See tahle IX.) This example in- 
dicates that the variation of the modulus may well he the 
reason for the discrepancies noted. The effect of such a 
slight variation is pronounced only in the case of the 
resultant force which is the small difference of two large 
quantities - namely, the resultant forces on the tension 
and the compression sides of the specimen. 
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Variation, of the Strain in the Stringers 

Figures 46 to 57 give typical exaaples of the varia- 
tion with "bending moment of the strain in the three most 
highly stressed stringers on the tens-ion and on the com- 
pression sides. The curves shown represent data obtained 
with cylinders JTos, 7, 9, and 10, corrected for the v/eight 
of the loading arm. In figures 58 to 63 measured values 
of the compressive strain in stringer No, 9 are compared 
v;ith the theoretical stringer strain variation curves* 
Shis comparison is of Importance since in the theory of 
the inv/ard "bulge type "buckling a theoretical stringer 
strain variation is assumed, 

She theoretical curves x/ere determined as follows s 
For different assu2:ed values of the shift of the neutral 
axis the resultant "bending moment v;as calcvulated and 
plotted against the compressive strain in stringer Ho* S, 
In a second diagram the resultant compressive force was 
plotted 3.gainst the compressive strain in stringer I7o. 9 
for the same values of the parameter "neutral axis shift," 
From these tv;o diagrams the variation of the compressive 
strain in stringer I^o, 9 with increasing "oending moment 
was determined and plotted for several constant values of 
the compressive force. Since at each stage of loading 
the centroid of the effective material of the cross sec~ 
tion of the specimen is shifted a different distance from 
the geometric center of the cylinder v;hile the compressive 
load is alvfays applied at the geometric center, an addi- 
tional heading moment arises the effect of vrhich must "be 
taken into account "before the theoretical curves can "be 
compared with the experiruental values. Figures 58 to 53 
present curves which have "been corrected for this effect. 

In general, the agreement "between theory and experi- 
ment can he considered good. In some cases at high "bend- 
ing moments the experimental values of the strain exceed 
those predicted "by theory, Shis discrepancy is prohaTsly 
ca\\sed hy the variation of the modulus. 



General Insta"bility 

The correlation of experim!ent with the theory of the 
inward "bulge type "buckling of monocoque cylinders, v/hich 
is the ultimate o'o^ective of these investigations, can 
"best he carried out on t'ne "basis of the strains in the 
most highly compressed stringer at the moment of general 
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instalJility » fhe formula for the maximun conpressive 
strain g,t collapse ^cr' derived froa equation (24) of 

reference 1 with, the assumption, of the sane modulus of 
elasticity for rings and stringers, is as follous: 



str^r (0.9/n ) l?d 



(6) 



wlxere n is a paraneter, Lj^ the ring spacing, '^^^^ 

the cross-sectional area of stringer plus effective v;idth, 

1^ the :noiient of inertia of ring plus effective width, 
V the compressive load divided \>y the perimeter of the 
cs'linder, and ^stv defined by the equation 

^str = ^str r + C5/8)(l/n=) I^^.^ ^ (?) 



vhere ^gtr r ^str t ^^''^ moments of inertia 
of the stringer plus effective width for radial and tan- 
gential "bending, respectively. The effeotive vridth of 
the sheet acting v:ith the ring v;as assumed to "be equal to 
the width of the ring. 

The forces at collapse in the load link and in the 
compression load "bar vrere accurately known since they 
v.'ere continuously observed with the aid of the two con- 
trol "boses while the load was applied. Iri many cases the 
strains in the stringers vere also measured close to the 
load at v/hich general instability occurred^ Some test 
s-pecimens, however, collapsed before readings could be 
taken in the proximity of the buciling load* Che strains 
^.ust prior to instability v;ere not significant, hov.'ever, 
since they v;ere obviously influenced by the developing 
bulge. In many cylinders with the imminent approach of 
instability the maximum compressive strain suddenly in- 
creased in one band, and decreased in the ether. Because of 
this the follov;ing procedxire v;as used to determine sig-' 
nificant values of the maximum compressive strain at col- 
lapse : 

Stringer strain variation curves, as obtained for 
stringer ao, 9 in bands A and 3, v/ere superimposed. The 
general trend, established prior to the appearance of 
irregularities, of the curve representing the average of 
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the values in "bands A and S was extrapolated up to the 
collapsing load, iTh®- strain at collapse obtained "by this 
procedure was considered the experimental critical strain, 

2aT3le VI presents the collapsing iciads as measured, 
and as corrected for the v;eight of the loading arm and for 
the effect of the shift of the centroid of the effgcti-re 
material from the geometric center of the c^limlvsr, "Val- 
uer of the esperimental critical strain are listed in 
tahle VII. 

Jrora these maxijnua compressiTe strains the value of 
the parameter n was calculated in accordance with the 
suggestions of reference 3 and satisfying eq.uation (6) of 
this report. The results are listed in ta'ole VIII, It 
raav be seen fron the table that n varies but little, 
its maximuKi value being 3,21, the average 2,935, and the 
minimum 2,6fi, Ihe possibility of a variation of n v;ith 
compressive force v;as anticipated in reference 3 but any 
systematic variation is lacking in table VIII, On the 
other hand, equatioja. (6) appears to give the influence of 
the compressive load correctly. 

It should be noted that the average value obtained 
for n is 15 percent smaller than could be predicted 
from figure lO of reference 3, which is based on the 
GALCIT experiments. Ihe reason for this deviation is un- 
known. There vras , however, a slight difference in the 
vray the specimens v/ere constructed. In the GALCIT cylin-i- 
ders the sheet was bolted to the rings and the stringers; 
v/hile in the cylinders used in the present investigation 
the sheet v;as attached to the stringers alone. 

In reference 3 it vras suggested that the critical 
strain in general instability could be calculated approx- 
imately by neglecting the effective width of the sheet. 
She accuracy of this suggestion was checked by calculat- 
ing n fron eauation (6) using values of the n.onents of 
inertia of stringers and rings alone. She values so ob- 
tained are also presented in table VIIX, ffhere is a 
systematic deviation betv/een the acc-urate and the approx- 
imate values* iPhe average deviation is 16 percent. Con- 
sequently iii the present case, the use of the approximate 
procedure suggested v/ould result in underestimating the 
critical strain by 26 percent, 

She general appearance of the ^dis tort ed shape after 
"buckling is shown in the photographs of figures 64 to 74, 
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The pictures aj-ree v/ell with the description of the irLv;ard 
■bulge given in the introduction. The values of the param- 
eters n and m characteristic of the "bulge could not 
"be determined accurately "because the "bulge did not termi- 
nate sharply, The approsinate values are listed in ta'ble 
YIII, together with the theoretical values. 2he average 
experimental value of the nusaoer n of rings involved in 
"buckling was 5, while theory predicted a"bout 4. The o"b~ 
served Eiean va.lue ox n was near 5 as compared with the 
theoretical average of 3. 



OOITCLTJSIO^TS 



She series of tests conducted in the Aircraft 
Structures Iia"boratory of the Polytechnic Institute of 
Brooklyn vrith reinforced 3aonocoq_ue cylinders in com"bined 
"bending and compression leads to the following conclu- 
s i ans : 

1. The pattern of distortion at "buckling as realized 
i3i the actual tests corresponds in essential features to 
the deflected shape assumed ih the theory. 

2. The experimentally established strains in the 
most highly compressed stringer at "buckling are consist- 
ent v/ith the values ohtained from the theoretical rela- 
ti on ship : 

^ ^2 /X y ^str^r „ (0.9/n^) vd. 

^CT " ^ J Lx Ag^,j. -^-str^ 



3, iro systematic variation v;as found of the parame- 
te£ n with compressive force, 

4, The average value of the parameter n v;as 3,935 
when calculated from the formula q_uoted in conclusion 2 
using e2:perimental va,lues of the critical strain, 

5, The data collected in the course of the experi- 
ments afforded fairly close corro"boration of the theories 
of "buckling of curved panels, 

6, It was esta"blished that the elaotic properties of 
the test rig and the manner of attachment of the test 
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speciaiens exerted a considerable influence on the nature 
of the stress dietriouti on and on the initial strains in 
the specimen. 
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Table II - Maximum Deviation in Compression 



Test Cyl. 
No. 


Stage 
No. 


Load 
lb. 


Stringer- 
No. 


Average Strain 
6xl0*(lb./sq.in.) 


Maximum Devia- 
tion Percentage 


7 


1 


13,000 


A-11 


3.79 


+0.17 




1 


13,000 


B-5 


3.76 


-7.44 


8 


1 


6,500 


A-5 


1.93 


-7.25 




1 


6,500 


B-1 


1.89 


+6.35 




2 


12,700 


N C 

A-5 


3.76 


-5-33 




0 
tL 






J* 0 






Q 

? 




A— "5 


As 






■a 


L -1-7 , JW\J 


■O 7 


^ • 


-5.67 


Q 

7 


JL 




A-.1 


1 ft'^ 

a- . 0^ 


+1'; '^1 




T 
X 


t r^AA 


i>— 


1 '7A 


+ -LX, 7J 




5 


f , 7 f'J 


A Q 
A— 7 




— xu , 05 




2 


7 ^yfO 


B— 13 


<ii85 


4-l<&t<iO 




5 


1 1 QATl 
±X, 7VAJ 




4.5*^ 


— X J • 




3 


11.900 


B-13 


4.45 


+12.36 




I 


18.000 


A-9 


7.18 


-11,13 




k 


18,000 


B-9 


7.04 


-11.93 


10 


1 


3.900 


A-11 


1.33 


+9.03 - 




1 


3,900 


B-15 


1,33 


-3.76 




o 


/ ,oou 


ATI 


5 '7'7 


+ 7 .uj 




2 


7,860 


B-11 


2.72 


+4.78 






11,600 


A-15 


4.07 


-12.55 




3 


11,600 


B-11 


4.08 


+7.0O 




1 


15 ,600 


A-7 


, 5.63 


+ l«d . 43 




4 








+ o»o / 




e 

,. ? 






7 y 

J • if J 


x<3 oA 

+ 7 » 70 




if 

? 


19 ,800 


B— 11 


7.52 


+ i'.o5 


12 


1 


7 .100 


A-1 


2.03 


+4.92 




1 


7,100 




2.00 


-4.50 




1 


7,100, 


B-13 


2»00 


+4.?0 




2 


14,600 


A-n 


4.U 


+3.86 




2 


14,600 


B-9 


4.05 


.-5.68 
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Table V - Stress-Strain Proportionality Factors in Gompression 



Cyl. 



Sheet 
Thick. 


P 

lb. 


A P 
lb. 


A 

sq.in. 


-3 ^ 

10 psi 


Aver 

e xio^ 


AS 
Xl04 


^/AexlO-6 = E 
psi 


7 


.020 


13,000 


13,000 


3.5 


3.71 


3.78 


3.78 


9.8 




















8 


.020 


6,500 


6,500 


3.5 


1.86 


1.91 


1.91 


9.75 






12,700 


6,200 


3-5 


1.77 


3.76 


1.85 


9.55 






19.300 


6,600 


3.5 


1.89 


5.65 


1.89 


10.0 


9 


.012 


5,000 


5,000 


3.0 


1.667 


1.79 


1.79 


9.3 






7,970 


2,970 


3.0 


.99 


2.90 


1.11 


8.92 






11,900 


3,930 


2.96 


1.33 




1.59 


8.36 






13,000 


6aoo 


2.79 


2.18 


7.11 


2.62 


8.32 


10 


.012 


3,900 


3,900 


3.0 


1.3 


1.33 


1.33 


9.78 






7,860 


...3,960 


3.0 


1.32 


2.7^ 


l.U 


9.36 






U.600 


3,7AO 


2.99 


1.25 


A. 08 


1.34 


9-32 






15,600 


A* 000 


2.88 


1.39 


5.66 


1.58 


8.80 






19,800 


^,200 


2.76 


1.52 


7.47 


1.81 . 


8.40 


11 


.012 


5,300 


5,300 


3.0 


1.767 


l.Sl 


1.81 


9.75 


12 


.020 


7,100 


7,100 


3.5 


2.03 


2.01 


2.01 


10.1 






U,600 


7,500 


3.5 


2.U 


u.i 


2.09 


10.2 


1? 


.020 


7,300 


7,300 


3.5 


2.09 


2.07 


2.07 


IQ.l 
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VII - Experimental Critical Strains 



Test 
Cyl. 
No. 


Sheet 
Thick- 
ness 
in. 


Type 
Test 


Highest (Last) Recorded 
Stringer Strain x 10"^ 


Extrapolated 
Stringer Strain x 10^ 


#9 (Compression) #1 Tension 


Average A and B 
#9 (Compression'! 


5 


.020 


B 


20.78 16.2 
20.20 15.69 


21.83 


6 


.020 


B 


24-7 17.9 
20 . 9 16 . 8 


25.68 


7 


.020 


B & C 


18.6 11.88 
23.95 11.06 


2^.0 


8 


.020 


B & C 


28. A 10.18 
16.0 9.66 


23.28 


9 


.012 


B & G 


18.3 8.68 
18.2 8.10 


21.7 


10 


.012 


B & 0 


19.2 -7.75 

19.0 7.28 


22. U 


11 


.012 
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19.1 15. A 
17.0 13.65 


20.86 


12 


.020 


B & C 


27.2 15.85 
16.6 15.76 


2:4,38 


13 


.020 


B & 0 


31.2 17.3 

25. u 15.9 


28.6 



■ss-B - (Pure Bending) 
B & C — (Bending and Compression Combined) 

Table VIII.- Experimentally Determined Values of Parameters n and m 



Cyl. No. 




•t 

in. 


P 

lb. 


£ or 
xioi 


n 


m f 


n 

•or 27,';=0 
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2.66 


4.93 


3.28 
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2.99 


4.05 


3.56 
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.020 


13,000 


2U.0 


2.89 


4.32 


3.44 


5.33 
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li^,600 
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4.45 


3.38 
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13,900 
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' 3.27 
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.012 


U,200 


22. 2^ 


3.05 


3.70 


3-32. 


6.4 
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11 


.012 
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20.86 


2.89 


4.00 
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4.25 
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12 


.020 


7,/.00 


24.38 


2.90 


4.27 


3. US 


5.33 
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13 


.020 


7,250 


28.6 
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3.76 
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FIG. 2. DIAGRAM OF TEST SET-UP. 
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Figure 4, - Rear uieu of test rfi. 
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Figure 5. - Stringer grip fittings. 
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FIG. 58- MAXIMUM COMPRESSIVE STRINGER STRAIN VARIATION. 

COMPRESSIVE FORCE P = 0 LB SHEET THICKNESS t « .020 IN. 
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FIG. 59.- MAXIMUM COMPRESSIVE STRINGER STRAIN VARIATION. 

COMPRESSIVE FORCE P = 0 SHEET THICKNESS t = .012 IN. 
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FIG. 60.- MAXIMUM COMPRESSIVE STRINGER STRAIN VARIATION. 
COMPRESSIVE FORCE P= 7,250 LB SHEET THICKNESS t= .020 IN. 
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FIG. 61.- MAXIMUM COMPRESSIVE STRINGER STRAIN VARIATION. 

COMPRESSIVE FORCE P = 14.000 LB SHEET THICKNESS t = .012 IN. 
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FIG. 62 - MAXIMUM COMPRESSIVE STRINGER STRAIN VARIATION. 

COMPRESSIVE FORCE = 14,500 LB SHEET THICKNESS = .020 IN 
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FIG. 63.- MAXIMUM COMPRESSIVE STRINGER STRAIN VARIATION. 

COMPRESSIVE FORGE P = 17,000 LB SHEET THICKNESS t = .020 IN. 
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